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Abstract A nonlinear fiber equation that can describe optical-pulse propagation in the
single-cycle regime is derived. An equation that includes self-phase modulation, the self-
steepening effect and the Raman effect is shown. In the numericdal calculations, all
orders of the linear dispersion terms are included. In the experiment, 4.5-cycle optical
pulses are propagated in a single-mode fused-silica fiber and the broadband spectrum is
generated by dispersive self-phase modulation. Calculated spectra are compared with the
experimental spectrum. It is found that the inclusion of the dispersion of the effective
core area and the Raman effect is important to correctly describe the observed spectrum.

INTRODUCTION

Conventionally, the slowly-varying envelope approximation (SVEA) has been used
to describe propagation of an optical pulse in a fiber.! However, if the pulse duration
becomes close to the optical cycle time, this approximation becomes invalid. Also, its
treatment of linear dispersion of the fiber, i.e., including only up to 3rd-order terms
around the center frequency of the pulse, becomes questionable when the bandwidth
of the pulse becomes extremely large. Recently, Brabec and Krausz theoretically
showed? that the envelope description of the electric field can be-still used for the
pulse whose duration is as short as one optical cycle under some conditions. Their
numerical calculations include the steepening term, dispersion terms up to 2nd-
order terms, and the instantaneous self-phase modulation (SPM) term. Following
their derivation except for the following points, we derived an equation for fiber
propagation. That is, unlike their derivation, our method includes the Raman effect,
all orders of terms for linear material and waveguide dispersion, and the dispersion of
the effective core area. Thus our equation can be also used to describe propagation
in a long distance where the dispersion effect becomes important.
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To check the validity of equations thus derived, we calculated the spectrum
broadening by dispersive self-phase modulation (SPM) in a single-mode fused-silica
fiber with the input pulse whose duration is 12 fs (4.5-cycle). The calculated spectra
are compared with the experimental spectrum. Eguations including the Raman
effect and the dispersion of the effective core area were derived by Blow and Wood?
and Mamyshev and Chernikov.! However no explicit method to include all orders
of linear dispersion terms was shown and no comparisons between calculated and
experimental results for several cycle pulses like here were performed.

DERIVATION OF EQUATIONS

We start from the Fourier-transformed Maxwell equation:

(Vi +82+ i“gﬁ]fﬂ = —pow’PnNL,

where B = [ Eexp(iwt)dt, PNy = [ Pny expliwt)dt, E is the electric field,
Pny is the nonlinear polarization, c is the speed of light, ug is the vacuum per-
meability, e{w) is the linear dielectric constant, w is the angular frequency and
Vi =8 + 82. We consider the propagation in z direction and assume that all
the fields are polarized in one direction and consider only that component. We also
assume that the electric field and the nonlinear polarization envelope functions can
be written in the following form:

E(z,y,2,w) = F(z,y,w)A(z,w — wo) exp(iBpz),
ﬁy;{m,y,z,w} = E’ux[a]F[m: Haw}aﬁﬁl.{z-w - Wl]] exp{iﬂﬂz}m

where gp is the vacuum dielectric constant and £, is the real part of the propagation
constant at the center angular frequency wp. Here, we consider only the third-order
nonlinear optical effect with the coefficient x!®). We assume that we can separate
the forward propagating wave and the backward propagating wave and consider only
the forward propagating one. Using the first-order perturbation theory,! we obtain
(62 + 2iB00. — B} + 7)) A(z,0 — wo) = LI 5
where y(w) = B(w) + ia(w)/2 is the propagation constant without the nonlinear
term and is determined by the unperturbed cross-sectional field equation, (V3 +
ew?/e?)\F = 4*F. Also, N(w) = [ Fidzdy/ [ F?dzdy. Thus, 4(w) contains both
the material dispersion and the waveguide dispersion. Converting the unit of A to
[watt!/?] by multiplying (2/eqcn)*/2/(f F?dzdy)'/? and using the relations x(3) =
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8nna /3 and ni = 2n/egen, where n is the linear index of refraction of the medium,
we have

B
(8% + 2iBo8. — B3 + 7 )A(z,w — wyg) = —ﬁ%ﬁmdzsw — wo)- (1)

Here, A.p{w) = (J Fldzdy)?/ J Fidzdy is the effective core area. By inverse Fourier
transforming Equation (1), converting the time coordinate such that the pulse center
s always at its origin as T’ = ¢ — ,E:fnz [ﬁ;u. = Fu(f)u,) and £ = =z (8 = 8r,8: =
& — Bodir), and operating (2iF(1 + iﬁ.,ar,fﬁ,.]]—l to both sides of equation, we have

[2 e {1+ :E-'!ay} Yo + D7)+ 8, —iD'|A(¢,T) =

z
i‘i.g_;:’zﬂﬁ_:’_ﬂ{] + 1& -1 +— 6,-]’[1 + 8. 1n g|u, 1 )pwne(E, T), (2)
where g(w) = n{w)ni(w)/Amg(w) and we include the dispersion of g{w) up to the
ﬁrst order terms in the Taylor expansion at wyp, and D' = 2, S05(8 + 5 )uI7 —
— ifigBr. The first term of the left hand side of this equation can be 1gnored if
IE,EA[ < fp]A] which physically means that the spatial variation of the envelope is
much la.rgf.-.r than the wavelength. Also, we can show that

Bo 5 )= 2 (2 _Boyy _(Bo_ 1y Pog
l1+t 3r} 1+~ ar‘,i 1+:[“rn ﬁo}ar (3, %]a%(uﬁnar) i

The third term of the right hand side of the above equation can be neglected if the
difference between the group velocity (v, = l,n",L’;n'_I and the phase velocity (v, = why /o)
of the pulse is small. These two approximations are the same as the slowly-evolving-
wave approximation (SEWA) in ref. 2, where there are no conditions specifying the
slowness of the temporal change of the envelope compared with the optical cycle
time. Thus this eguation can be used for the pulse as short as single optical cycle.
By using these approximations, Equation (2) becomes

BA(E,T) = (D' + Do) AET) + 22208 (1 4 is0r)pa (€, 7). @)

where Do.r = (1 + ifoBr/Ba)"' D?/28s and s = 2/wo — Bo/Bo + 8,10 glus-
Nonlinear term

The nonlinear term pyr may contain both the instantaneous Kerr nonlinearity as
well as the Raman response as follows

pve(6,T) = § [T RITIRIAE.T - T)PAET)
+A2(§, T — T')A™(£, T) exp(2ienT))dT", (4)
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where the response function R(t)} is given by R({T) = (1 — fgr)é(T) + frhgr(T). For
the fused-silica, fr = 0.3 and Ag(T) = ((v{ + 73)/n172) exp(—T/72) sin(T' /7 ) where
71 = 12.2 f5 and 73 = 32 fs.! Since the change of hg is much slower than the optical
cycle time, Equation (4) can be written as

Prale,T) = 311 = Fa)IA(E, T)P
+3n [ hr(TVAE,T — T')PT) Ale, T). (5)

Numerical caleulations
Equation (3) can be calculated by the split-step Fourier method.! Dispersion terms
can be evaluated in the frequency domain as:

1a{wj

D'(w) = B(w) + “5— — o — folw — wo), (6)
D?(w)
2(8o + Bolw — we))

In the numerical calculations, the Sellmeier equation is used to model the dis-

ﬁrnrr { W} ==

(7)

persion relations of a fused-silica fiber.! In practice, limited numbers of frequency
points used in the fast Fourier transform routine are used in calculations. At the
beginning of the program, the values of Equations (6) and (7) are evaluated at each
frequency point only the one time and they are stored in the memeory. Thus calcu-
lation of this method is very efficient,

FUSED-SILICA FIBER EXPERIMENT

In the experiment, pulses from a Ti:Sapphire oscillator (Femtosource M-1, center
wavelength 798 nm) were introduced in a 2.5 mm-long single-mode fused-silica fiber
(Newport F-SPV, core radius 1.316 pm) by the dispersion-free reflective objective
to prevent pulse-broadening. The pulse duration measured by the fringe-resolved
autocorrelator was 12 fs corresponding to a 4.5-cycle pulse and the peak power of
the input pulse obtained from the measured pulse energy at the fiber output was
175 kW. The temporal shape of the input pulse for the numerical calculations was
obtained by the inverse Fourier-transform of the input pulse spectrum. However
the transform-limited pulse duration (8.6 fs) was smaller than the experimentally
measured pulse duration {12 fs) due to the residual chirp in the pulse. To account
for this, the negative linear-chirp was assumed in the input pulse such that its width
became 12 fs.
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We considered only the material dispersion of the fused-silica fiber using the
Sellmeier equation’ with zero loss. The calculated second and third order dispersion
coeflicients were 83 = 3.65 x 107?% s?/m and B3 = 2.76 x 10~* s*/m at the center
wavelength. For the single-mode silica fiber, it is well known that the effective
core area depends on the wavelength and it increases rapidly as the wavelength
becomes longer than the cut-off wavelength of the fiber.! For the fiber used in this
experiment, the cut-off wavelength is 550 nm. In this case, the effective core area is
Acsr = 2.055wa® at the center wavelength 798 nm, but it is A.g = 3.687a? at 1000 nm.
Thus it is expected that at the wavelength longer than the center wavelength, the
nonlinear effect becomes smaller since the effective core area becomes larger. To take
into account this effect in the calculation, the term &, 1n g|.,, in eq. (3) was calculated
at the center wavelength and used as the additional st eepening parameter. This value
at the center wavelength was numerically calculated as —wg8,, In A.q = 2.06. For the
nonlinear refractive index of the fused-silica fiber, we used the value ni = 2.48x 1020
m? /W from ref. 5.

RESULT

We calculated spectra with the following three methods: {case a); the rigorous linear
dispersion terms and the steepening term including the dispersion of the effective
core area {Equations (3) and (5)), (case b); same as case a without the Raman term
(fr = 0 in Equation (5)), and (case c); the SVEA (up to the 3rd-order dispersion
terms without the steepening nor the Raman terms). In Figure 1, the experimental
spectra as well as the calculated spectra are shown. It is seen that for the SVEA,
the spectrum intensity at longer wavelength than the center wavelength is much
larger than that in the experiment. The spectra of cases b and c are closer to that
in the experiment, indicating that it is important to include the steepening term,
especially from the dispersion of the effective core area. It is seen that by including
the Raman term (case a), the spectrum width becomes smaller and the agreement
between the experiment and the calculation becomes better. It is found that the
calculated spectrum including the rigorous dispersion terms and that including only
up to the 3rd-order terms are almost identical. Thus, in this case, the approximation
using up to 3rd-order terms is sufficient.

CLU

The nonlinear pulse propagation equation that includes all orders of the linear dis-
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persion terms, the steepening effect, dispersion of the effective core area and the
Raman effect is derived. This can be used for pulses in the single-cycle regime. This
is used in the calculations for SPM spectra using a single-mode fused-silica fiber
and the calculated spectra are compared with the experimental spectrum obtained
using a 4.5-cycle input pulse. It is found that the steepening term is quite large
due to the dispersion of the effective core area and its inclusion is very important to
reproduce the correct shape of the spectrum. Also it is found that by including the
Raman term, the spectral broadening becomes smaller, which agrees better with the

experimental spectra.
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FIGURE 1 (i) Experimental SPM spectrum (ex) using a 2.5 mm-long fused-
silica fiber. The input spectrum is shown by a dotted line. (ii) Comparison
between experimental (ex) and calculated (a) spectra. Calculation includes the
steepening term, the instantaneous SPM term, the Raman term, all terms of
linear material dispersion, and the dispersion of the effective core area, (iii)
Comparison between calculated spectra, (a) ; same as (ii}, (b) ; same as (ii)
except for that the Raman term is not included, (¢} ; the SVEA is used.
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